We investigate the solutions for the following nonlinear degenerate parabolic equation in non-divergent form with density
Introduction
We consider the Cauchy problem for a parabolic nonlinear equation in non-divergent form with density
for real numbers p>1, 0 m < (p − 2)(N + n) + p + n p − N and nonnegative integer n.
The equation (1) describes many physical problems such as dispersal mechanisms on specials survival, plasma physics, damage mechanics and curve shortening flow, see [11] [12] [13] .
The equation (1) may be degenerate at the points where u = 0 and ∇u = 0. So we cannot expect to have a classical solution in general, we consider only weak solutions which are nonnegative and in the following weak sense.
Definition 1.
A nonnegative function u(x, t) is called a weak solution of (1)-(2) if u satisfies 1) u ∈ L m+p−1 (Ω × (τ, T )) , u t ∈ L 2 loc (Ω T ) , |u| m/(p−1) ∇u, |u| (m−1)/p ∇u ∈ L p (Ω T ) for ∀τ ∈ (0, T ) and a bounded domain Ω ⊂ R N with smooth boundary, Ω T = Ω × (0, T );
The properties of the solution to the problem (1)-(2) depend on the values of the parameters of the equation (1) . The cases m = 1 or p = 2 (i.e. p-Laplacian equation and porous medium equation) were thoroughly studied by many authors (see e.g. [9, 10, 18] ).
For 0 < m < 1 , the definition v(x, t) := (1 − m)
1−m m u 1−m (x, t) transforms (1) into a reactiondiffusion equation with double nonlinearity in divergent form, which has been studied in [1] .
The existence of a unique so-called viscosity solution of the Cauchy problem (1)-(2) for p = 2, was proved in [14] . The authors investigated both viscosity sub-solutions and viscosity sup-solutions for a short time interval. Giving the requirements for the initial values and defining the solutions in a specific way they showed a property of uniqueness for the viscosity solutions which is missing for classic and even other weak solutions.
Indeed, existence of week solutions and also uniqueness have been established in most cases for divergent form equations using various techniques [9, 10] , but these results do not hold the non-divergent equation (1) . Dal Passo and Luckhaus claim that for the case p = 2 uniqueness fails since for every T > 0 a weak solution with extinction time T . They just got a unique maximal solution and showed that its support remains constant [5] . However, in [12] a counter example was shown by Ughi, who has proved uniqueness of the. This phenomenon was fully discussed later in a cooperative work of these authors [2] . Also, non uniqueness was investigated for p > 1, m = 1 in [17] .
The support of solutions of the equation (1) will never expand at m > 1, while it is known that the equations in divergence form have the property of the finite (or infinite) speed of propagation of disturbance [5, 12, 14] .
The aim of this paper is to find some self-similar solutions, which can be constructed in two ways: forward and backward, then to prove that all solutions satisfying equation (1) has the following asymptotic:
where C is an arbitrary constant. We will study self-similar solutions of the equation (1) in the form
where ξ = (t + 1) −β |x| and α = 1 − β (p + n) m + p − 2 satisfy the following
In the recent work [7] , for the equation (1) without density was obtained the the same selfsimilar equation.
Asymptotic behavior of the self-similar solutions
In accordance with the statement of the original problem we will consider nontrivial, nonnegative solutions of the equation (4) satisfying the following conditions:
An exact solution for the problem (4)- (5) can be obtained a solution of the following form
The solution of this form first was found by Zel'dovich, Kompaneets and Barenblatt in 1950 for porous medium equation [19] . Hence, these type of solutions usually are named as ZKB solutions.
A constant a is arbitrary and positive, but it is advisable to choose it when
Notation (s) + = max(0, s) is used to show that we are searching the solution with compact support for initial value problem (4), (5) . The constants b, γ 1 and γ 2 will be defined after substituting (6) into (5) which yields
Considering that the first and the third terms are as the second and the fourth ones respectively, we can define γ 1 and γ 2 by equalizing relevant powers,
we came to the following form
This equation is true only if both coefficients are zeros, i.e
We defined not only b, but also β which is positive in case 0 < m 1, and negative if
Above we considered p + m − 2 = 0. For other case we have to find the solution of this form,
By using the above calculations we can obtain the following general exact solution,
where a > 0,
are given constants. We can conclude that the support remains constant in time at β = 0, while for β > 0, the supports keep shrinking and asymptotically go to a single point as t → ∞ as stated in [7] .
Slow diffusion (case m+p-2>0)
The solution (7) is also a sub-solution as it satisfies the condition
We will show that the function (7) is an asymptotic of all solutions of the problem (1)-(2) where p > 2 − m, 0 < m < 1. We will find solutions to the problem in the following form
where 0 < w(η) 1 for all η in [−ln(a); +∞). It is easy to see that
After the transformation (8) the equation (4) becomes
where
At first, we will show that the solution of the equation (4) has finite limit w 0 at η → +∞. Let us take the function ϑ (η) = |Lw| p−2 Lw.
Then the equation (9) is transformed into
Lemma 1. Assume that 0 < A 1 A 2 , σ 1 < σ 2 l 0, and let (w 1 ,ϑ 1 ), (w 2 ,ϑ 2 ) be the solutions of the system (10) with the initial value conditions
We came to w
. By repeating this process many times we can conclude that
Lemma 2. Assume that 0 < A 1 A 2 , 0 σ 1 σ 2 , and let (w 1 ,ϑ 1 ), (w 2 ,ϑ 2 ) be the solutions of the system (10) with the initial value conditions
Proof. From the hypotheses we have
. Then considering the proof of Lemma 1 we have w 1 (η) w 2 (η), ϑ 1 (η) > ϑ 2 (η) for all η ∈ [η 0 ; ∞). 
Taking into the consideration that w(η) has a finite limit (see the proof of Theorem 1) and
we come to the following algebraic equation
at η → +∞. The last one gives w=1 and on behalf of (11) we have proved that f ∼ θ. 2
Results of numerical analysis and a visualization
The main difficulty of numerical research for the problem (1)- (2) arises from the nonuniqueness of solutions. To choose right initial data is important on the process of calculations and for testing purposes of numerical analysis we can utilize the exact solution (7) to get initial and boundary values. The asymptotic formula (6) will provide the similarity of the behaviour of solutions to the exact solution (7) .
Numerical experiments show properties of solutions clearly. We can see on Fig. 1 . extinction solutions for fast and slow diffusion cases. Speeds of perturbation are finite for these cases and we can see how they slow down and maximal speed is at t = 0. The figures for non-divergent cases are quite different. Fig. 2 shows that if β = 0(or m = 1), the support of the solution of the problem (1)-(2) remains constant in time. Pay attention to two fixed points on the front of the graph a. If β > 0 (or m > 1), we get shrinking solutions, which asymptotically go to a single point. (Fig. 2, b ) It shrinks with a finite speed that also slow down and has maximal speed at t = 0.
For numerical analysis has been used tridiagonal matrix algorithm. The results of numerical experiments show fast convergence of iteration process (iteration doesn't exceed of two). 
